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Slip-line Solution to Ultimate Bearing Capacity of Shallow Strip Footings
PENG Mingxiang
(China Energy Engineering Group Guangdong Electric Power Design Institute Co. , Ltd. , Guangzhou 510663, China)

Abstract; [ Introduction | Based on the limit equilibrium theory, an accurate approach is proposed to solve the ultimate bearing ca-
pacity of shallow strip footings under general conditions. [ Method ] The foundation soil is considered to be an ideal elastic-plastic ma-
terial, which obeys the Mohr-Coulomb yield criterion, and is assumed to be an ideal continuous medium that is isotropic, homogene-
ous and incompressible or non-expansive. Through analyzing the relative motion and interaction between the footing and soil, the
problem of the ultimate bearing capacity of shallow strip footings is divided into two categories. A minimum model with the total ver-
tical ultimate bearing capacity as its objective function is established to solve the ultimate bearing capacity using the slip-line method
with no need to make any assumptions on the plastic zone and non-plastic wedge in advance. A convenient and practical simplified
method is also proposed for practical engineering purposes. Furthermore, the first category of the problem in the case of the same uni-
form surcharges on both sides of footing is the focus of the study: the applicable conditions of Terzaghi's ultimate bearing capacity e-
quation as well as the theoretical exact solutions to its three bearing capacity factors are derived, and a new bearing capacity equation
is put forward as a replacement for Terzaghi’s equation. The geometric and mechanical similarity principle is proposed by a dimen-
sionless analysis. [ Result]The results show that for perfectly smooth footings, the total vertical ultimate bearing capacity obtained by
the present method is in good agreement with those by existing methods; whereas for perfectly rough footings, the existing methods
underestimate the ultimate bearing capacity. [ Conclusion ] The classic Prandtl mechanism is not the plastic failure mechanism of the
ultimate bearing capacity problem of perfectly smooth footings on weightless soil.
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Tab. 1 Vertical bearing capacity factors N, and N,

TH @ =25°, §=—10° ©=25°, §=10°
M2/ M -1 —0.5 0 0 0.5

T Nvli NVI Nv() NVI Nv() Nvl Nv() Nvl Nv() Nvl NVU Nv1
0.0 0 3.422 9 0 3.422 9 0 3.422 9 0 11. 330 0 11. 330 0 11. 330
0.2 25517 7.4421 2.7981 7.9451 3.0133 8.4079 5.2255 21.239 5.327 4 21.515 5.422 3 21.784
0.4 5.1035 10. 365 5.5962 11. 187 6.026 6 11. 936 10. 451 27.988 10. 655 28. 426 10. 845 28. 851
0.6 7.6552 13.117 8.3943 14.228 9. 0399 15.234 15. 676 34.131 15.982 34.711 16. 267 35.270
0.8 10. 207 15.797 11.192 17.183 12.053 18. 433 20. 902 39.992 21.309 40.703 21. 689 41.385
1.0 12.759 18. 439 13.991 20. 093 15. 067 21.579 26.127 45. 692 26. 637 46.527 27.111 47.327
1.2 15.310  21.059 16.789  22.975 18.080  24.693  31.353 51.288  31.964  52.243  32.534 53. 156
1.4 17.862 23. 663 19.587 25.839 21.093 27.785 36.578 56.813 37.292 57. 884 37.956 58. 907
1.6 20. 414 26. 256 22.385 28. 689 24.106 30. 861 41. 804 62.286 42.619 63. 471 43.378 64. 602
1.8 22.966 28. 843 25.183 31.531 27.120 33.927 47.029 67.720 47.946 69.018 48. 800 70. 254
2.0 25.517 31.423 27.981 34.365 30.133 36. 984 52.255 73.123 53.274 74.533 54.223 75.873
2.2 28. 069 33.999 30.779 37.194 33. 146 40. 034 57. 480 78.503 58. 601 80. 023 59. 645 81. 466
2.4 30. 621 36.572 33.577 40. 019 36. 160 43. 080 62.706 83. 864 63. 928 85.493 65. 067 87.039
2.6 33.173 39. 142 36. 375 42. 840 39.173 46. 121 67.931 89. 208 69. 256 90. 946 70. 489 92.593
T ¢ =30°, 6=0 @ =30°, §=0
N2/ M -1 0.5 0 0 0.5

M Ny N, Ny Ny Ny Ny Ny Ny Ny Ny Ny Ny
0.0 0 15. 311 0 15.311 0 15.311 0 15.311 0 15.311 0 15. 311
0.2 5.6607 26. 100 5.849 8 26.553 6.027 9 26.993 6.027 9 26.993 6.196 6 27.422 6.357 0 27. 841
0.4 11. 321 33. 481 11.700 34.216 12. 056 34.928 12. 056 34.928 12.393 35.619 12.714 36.291
0.6 16. 982 40. 186 17.549 41. 169 18. 084 42.119 18. 084 42.119 18. 590 43.039 19. 071 43.931
0.8 22.643 46.573 23.399 47.789 24.112 48.961 24.112 48.961 24.787 50. 094 25. 428 51.190
1.0 28. 304 52.776 29.249 54.216 30. 140 55. 601 30. 140 55. 601 30. 983 56. 936 31.785 58.227
1. 33. 964 58. 862 35.099 60.518 36. 168 62. 109 36. 168 62. 109 37.180 63. 640 38. 142 65. 120
1. 39. 625 64. 866 40. 949 66.734 42.195 68. 526 42.195 68. 526 43.376 70.249 44. 499 71.912
1.6 45.286 70. 811 46.798 72.887 48.223 74.877 48.223 74.877 49.573 76.789 50. 856 78. 631
1.8 50.947 76.711 52.648 78.994 54.251 81.178 54.251 81.178 55.770 83.275 57.213 85.295
2.0 56. 607 82.577 58. 498 85. 063 60. 279 87. 440 60. 279 87. 440 61. 966 89.721 63.570 91.916
2.2 62.268 88. 416 64. 348 91. 103 66. 307 93. 671 66. 307 93. 671 68. 163 96. 134 69. 927 98. 502
2.4 67.929  94.232  70.197  97.120  72.335  99.877  72.335  99.877  74.360 102.52  76.284 105. 06
2.6 73.590 100. 03 76.047 103. 12 78.363 106. 06 78.363 106. 06 80. 556 108. 89 82. 641 111. 60
TH @ =30°, §=-30° @ =30°, §=30°
M2/ M -1 -0.5 0 0 0.5

M Nvlb Nv1 Nv() Nv1 Nv() Nv\ Nv() Nv\ Nv() Nv\ Nvii N\'1
0.0 0 0. 4330 0 0.433 0 0 0.433 0 0 36. 165 0 36. 165 0 36. 165
0.2 0.6048 1.0378 1.2577 2.2781 1.5689 2.8837  10.317 51. 659 10. 328 51. 632 10. 333 51. 607
0.4  1.2095 1.6425 2.5154 3.6235 3.1379 4.598 2 20. 634 60. 705 20. 655 60. 612 20. 666 60. 531
0.6 1.8143 2.2473 3.7731 4.9236 4.706 8  6.240 1 30. 950 67.957 30. 983 67.790 30.999 67.738
0.8 2.4191 2.852'1 5.0308 6.2068 6.2758 7.8539 41. 267 74.284 41.310 74.242 41.333 74.220
1.0 3.0238 3.4568 6.2885 7.4816 7.8447 9.453 4 51.584 80. 353 51. 638 80. 300 51. 666 80. 273
1. 3.6286 4.0616 7.5462 8.7516 9.4137 11. 045 61.901 86. 135 61. 965 86. 071 61.999 86. 038
1. 4.2333  4.6664 8.8039 10. 019 10. 983 12. 631 72.218 91.710 72.293 91. 635 72.332 91. 596
1.6 4.8381 5.271 1 10. 062 11. 284 12.552 14.213 82.534 97.130 82. 621 97. 045 82. 665 97. 000
1.8 5.4429 5.8759  11.319 12. 547 14. 120 15.793  92.851 102.43  92.948 102.34  92.998 102. 29
2.0 6.0476 6.4807  12.577 13.810 15. 689 17.371 103. 17 107. 64 103. 28 107.53 103. 33 107. 48
2.2 6.6524 7.0854 13.835 15.071 17.258 18.947 113.48 112.77 113. 60 112. 65 113. 66 112.59
2.4 7.2572 7.6902 15.092 16. 332 18. 827 20.523 123.80 117.83 123.93 117.70 124. 00 117. 64
2.6 7.8619 8.2949 16. 350 17.593 20. 396 22.097 134.12 122. 84 134. 26 122.70 134.33 122. 63
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Fig. 8 Calculation results for perfectly smooth footings
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Tab. 2 Comparison of results for perfectly smooth footings

% AR5 Martin (2004) 2! Bolton I Lau(1993) [} Chen(1975) "/ Sokolovskii(1965) "’
(*) N, N, Ow/kN N, Q,/kNEmor/ % N, Q./kNEror/ % N, Qu/kNErmor/ % N, Qu/kN Error/ %
q =0

5 0.085 0.085 0.85 0. 084 0.84 —0.05 0.09 0.90 6.51 0.131 1.31 55.03 0.17 1.70 101. 18
10 0.281 0.281 2.81 0.281 2.81 0.07 0.29 2.90 3.28 0. 461 4.61 64.17 0.56 5. 60 99. 43
15 0.699  0.699 6.99 0. 699 6.99 0.03 0.71 7.10 1. 60 1.16 11.60  66.00 1. 40 14. 00 100. 34
20 1.578 1.578 15.78 1.579 15.79 0. 06 1. 60 16. 00 1.39 2.68 26.80  69.83 3.16 31.60  100.25
25 3.461  3.461 34.61 3.461 34.61 0.01 3.51 35.10 1.43 5.90 59.00 70.49 6.92 69. 20 99.97
30 7.655 7.655 76.55 7.653 76.53 —0.03 7.74 77. 40 1.10 12.70  127.00 65.89 15.30 153.00  99.86
35  17.599 17.599 175.99 17.577 175.77 —0.13 17.80 178.00 1.14 28.60 286.00 62.51 35.20 352.00 100.01
40 43.293 43.293 432.93 43.187 431.87 —0.24 44.00 440.00 1.63 71.60 716.00 65.38 86.50 865.00  99.80

g =20 kPa

5 1.346  0.210 33.46 0.210 % 33.46 0. 00 0.09 32.25  —=3.60 0.131 32.66 —2.38 0.17 33.05 -1.21
10 3.562  0.619 55.62 0.619 % 55.62 0. 00 0.29 52.33 —=5.92 0.461 54.04 —-2.84 0.56 55.03 —1.06
15 7.293  1.411  92.93 1.411 % 92.93 0. 00 0.71 85.92 —=7.54 1.16 90.42  —=2.70 1.40 92. 82 —0.12

20 13.767 2.968 157.67 2.968 x 157.67  0.00 1.60 143.99 —-8.68 2.68 154.79 —-1.83 3.16 159.59 1.22
25 25.462 6.138 274.62 6.138 % 274.62  0.00 3.51  248.34 -9.57 5.90 272.24 —-0.87 6.92 282.44 2.85
30 47.723 12.921 497.23 12.921 % 497.23  0.00 7.74  445.42 —10.42 12.70 495.02 —0.44 15.30 521.02 4.78
35 93.059 28.467 950.59 28.467 x 950.59 —0.00 17.80 843.92 —11.22 28.60 951.92 0.14 35.20 1017.92  7.08
40 193.890 67.499 1 958.9067.496 %1 958.86 —0.00 44.00 1723.90 —12.00 71.60 1999.90 2.09 86.50 2 148.90 9.70

g =40 kPa
5 2.496 0.225 64.96 0.225% 64.96 0. 00 0.09 63.61 —2.08 0.131 64.02 —-1.45 0.17 64. 41 —0.85
10 6.545  0.660 105.45 0.660 * 105.45 0.00 0.29 101.76 —3.50 0.461 103.47 —1.88 0.56 104.46 —0.94
15 13.264 1.499 172.64 1.499 % 172.64  0.00 0.71 164.75 —4.57 1.16 169.25 —-1.97 1.40 171.65 —0.58
20 24.748 3.151 287.48 3.151 % 287.48 0.00 1.60 271.98 —5.39 2.68 282.78 —1.64 3.16 287.58 0.03
25 45.164 6.515 491.64 6.515% 491.64 —0.00 3.51 461.58 —6.11 5.90 485.49 —1.25 6.92 495.68 0. 82
30 83.336 13.732 873.36 13.732 % 873.36  0.00 7.74 813.44 —6.86 12.70 863.04 —1.18 15.30 889.04 1. 80
35  159.508 30.324 1635.0830.322 %1 635.06 —0.00 17.80 1509.84 —7.66 28.60 1617.84 —1.05 35.20 1683.84 2.98
40 324.929 72.148 3289.2972.142 %3 289.23 —0.00 44.00 3 007.81 —8.56 71.60 3283.81 —0.17 86.50 3432.81 4.36

TE: * FRIK N, T Terzaghi 772 th 4 fF ABC HHHY O, (AT IR o
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Fig. 9 Calculation results for perfectly rough footings
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Tab. 3 Comparison of results for perfectly rough footings

o/ AT Martin (2004 ) [?] Bolton FI Lau( 1993 ) [1¢] Chen(1975) 24! Terzaghi (1943 ) 3
(*) N, 0.,/ kN N, 0./kN Error/ % N, 0. /kN Error/ % N, Q./kN Error/ % N, 0O/ kN Error/ %
q =0
5 0.114 1.14 0.113 1.13 —0.81 0. 62 6. 20 442.43  0.382 3.82 234.21 0.50 5. 00 337.45
10 0. 447 4. 47 0.433 4.33 -3.16 1.71 17.10  282.29 1.16 11.60  159.33 1.20 12. 00 168. 28
15 1.267 12. 67 1. 181 11. 81 —6.76 3.17 31.70  150.28 2.73 27.30  115.54 2.50 25.00 97. 38
20 3.183 31.83 2.839 28.39 —-10.80 5.97 59.70 87.58 5.87 58.70 84. 44 5.00 50. 00 57.10
25 7.618 76.18 6. 491 64.91 —-14.79 11.60 116.00 52.28 12.40 124.00 62.78 9.70 97. 00 27.34
30 18.083 180.83 14.754 147.54 —18.41 23.60 236.00 30.51 26.70  267.00 47.66 19.70  197.00 8.95
35 43.677 436.77 34.476 344.76 —21.07 51.00 510.00 16.77 60.20  602.00 37.83 42.40  424.00 —2.92
40 111.435 1 114.35 85.566 855.66 —23.21 121.00 1210.00 8.58 147.00 1 470.00 31.92 100.40 1004.00 —9.90
g =20 kPa
5 1. 621 36.21 0.376 % 35.11 -3.03 0. 62 37.55 3.71 0.382 35.17 —2.86 0.50 37.84 4. 49
10 4.516 65.16  1.122 %  60.65 —6.92 1.71 66.53 2.10 1.16 61.03 —6.34 1.20 65.87 1.09
15 9.722 117.22 2.579 % 104.61 -10.76 3.17 110. 52 =5.71 2.73 106.12  —=9.47 2.50 113.92 —2.81
20 19.187 211.87 5.457 % 182.56 —13.83 5.97 187.69 —11.41 5.87 186.69 —11.89 5.00 198.77 —6.18
25 36.951 389.51 11.326 % 326.50 —16.18 11.60 329.24 —15.47 12.40 337.24 —-13.42 9.70 351. 41 —-9.78
30 72.205 742.05 23.887 * 606.89 —18.21 23.60 604.02 —18.60 26.70 635.02 —14.42 19.70 646.11 —-12.93
35 147.066 1 490.66 52. 651 % 1 192.43 —20.01 51.00 1175.92 —=21.11 60.20 1267.92 —14.94 42.40 1252.79 —-15.96
40 320.843 3 228.43 124.75 % 2 531.45 —-21.59 121.00 2 493.90 —22.75 147.00 2 753.90 —14.70 100.40 2 629.42 —18.55
g =40 kPa
5 2.951 69.51 0.418 %  66.89 =3.77 0. 62 68.91 —-0.87 0.382 66.53 —4.29 0.50 70. 67 1. 68
10 8. 061 120.61 1.233 %« 111.19 —7.81 1.71 115. 96 —3.86 1.16 110. 46 —8.42 1.20 119.74 —-0.72
15 16.902  209.02 2.814 % 185.78 —11.12 3.17 189. 35 -9.41 2.73 184.95 —11.52 2.50 202. 85 —2.95
20 32.560 365.60 5.926 % 315.23 —13.78 5.97 315.68 —13.66 5.87 314.68 —13.93 5.00 347.55 —4.94
25 61.424 654.24 12.262 % 549.10 —16.07 11.60 542.49 —17.08 12.40 550.49 —-15.86 9.70 605. 82 —=7.40
30 117.337 1 213.37 25.824 % 994.29 —18.06 23.60 972.04 —19.89 26.70 1003.04 —17.33 19.70 1095.23 —9.74
35 233.012 2 370.1256.911 % 1 900.95 —19.80 51.00 1841.84 —-22.29 60.20 1933.84 —18.41 42.40 2081.59 —12.17
40 493.947 4 979.47 134.96 % 3 917.45 —-21.33 121.00 3 777.81 —24.13 147.00 4 037.81 —18.91 100.40 4 254.83 —14.55
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Fig. 10 Calculation results
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